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EKOQNHZEIZ

OEMA 10

A1 Av zi, z; cival piyadikoi apiBuoi, va atrodeixBei oTi:

|Z1 - 22| = |z4] - |22].
Movdadeg 8

A.2 []éte duo ouvapTAoelc f, g AéyovTal ioEg;

Movdadeg 4

A3 Moéte n edBeia y = ([ Aéyerar opiZdvTtia QACUPTITWTIN TNG YPAPIKAC

TTapdgfacng tng f oTo +oo;

Movadeg 3

B. Na xapakrnpioere 1i¢ [pordoceic _Tou akoAouBouv, ypAagovras oTo
TETPGOIO0 0a¢ SITTAa OTO [ypauEa TTOU avTIOTOIXEl O KABE TTPOTAON, TN AEéN
Zworo, av n mporadn tivar ocworn, n AdBog, av n mpdracn eivai
AavBaouévn.

a.

Av f ouvdptnon ouvexng oto didoTnua [a, B] kal yia kaBe X e [a, B]
loxuel f(x) > 0 161€ I;f(x) dx >0.
Movadeg 2

‘Eotw f o ouvdptnon ouvexng o€ €va didotnua A kai
TTAPAYWYICIUN O€ KABE ECWTEPIKO ONUEIG X Tou A. Av n guvdptnon
f eival yvnoiwg avgouoa oto A 1018 F(X) > 0 0t KABE €0WTEPIKO
onueio x Tou A.

Movadeg 2

Av n ouvdptnon f eival cuvexAg OTO X KAl EUVAPTNON “@hEival
OUVEXNG OTO Xo, TOTE N OUVBEDT Toug gof €ival cuvexnc oTa Xo.
Movadeg 2

Av f eival yia ouvexnc ouvdptnon o€ éva didotnua A"kalr a gival
éva onpeio Tou A, 10TE
!

(110 at) = ey -0

ME TNV TTPOUTTOBECN OTI T XPNOIUOTTOIOUKEVA CUUBOAA £X0UV vONuUa.

E.

Movadeg 2

Av a>1 101 lim a* =0.

X—»—00

Movadeg 2



OEMA 20

Aivetal o piyadikég apiBuég
24+ ai
z =
a+2i
a. Na arodeixbei 611 N elkOva Tou PIyadikoU z avrKel OTOV KUKAO HE KEVTPO
O(0, 0) kai akTiva p = 1.

ME a € R.

Movadeg 9

B. 'EOTw Zzy, zo 01 MIyadIKOi TTOU TTPOKUTTITOUV ATTO TOV TUTTO
2+ai
zZ = -
a+2i
2 avTioToIxa.

00TAON TWV EIKOVWY TWV MIYadIKWwV apIBuwy z¢ Kal Zo.
Movabdeg 8

yla KaBe puaiké apib
Movabdeg 8

OEMA 30

Aivetal n cuvdptnon:
f(x) = x°> — 3x — 2’6

otou 6 € R pia o1abepd pe 0 = KTE+£,

a. Na amodeixfei 611 n f Tapoucidlel éva
EAAXIOTO Kal £Va ONMEIO KAPTTAC.

IKO MEYIOTO, €va TOTTIKO

B. Na atmodeixBei 611 n e€iowon f(x) = 0 €xel akpIBwg
picec.

Y- Av Xy, Xo €ival oI BECEIC TwV TOTTIKWY AKPOTATWY KAl X3
onueiou kautmc TS f, va ammodeixBei 611 Ta onueia A(xy, f
kal [(xs, f(x3)) BpiokovTal oTnv €uBtia y = —2x — 2nu?6.

—

Movabdeg 3

6. Na utroAoyicBei 10 euBaddv Tou Xwpiou TTOU TTEPIKAEIETAI ATTO TN YPAPIKN
TapdoTaon g ouvdpTtnong f Kai TNV euBeia y = —2x — 2nNu?e.
Movabdeg 7



OEMA 40

‘Eotw f pia ouvexng kai yvnoiwg avgouca cuvdptnon ato didatnua [0, 1] yia
TNV otroia 1oxvel f(0) > 0. Aivetal TTiong ocuvdApTNON g CuveEXNC OTO diIdoTNUA
[0, 1] yia TnVv oTToia IoXUEl g(X) > 0 yia kdBe x € [0, 1].

OpiCoupe TIC CUVOPTATEIC:

F(x)=IOXf(t)g(t)dt, x e [0, 1],
“ot)dt,  xe[0,1].

>0 yia kaBe x oto didotnua (0, 1].
Movabdeg 8

Movabdeg 6

yla KdBe x oto did

Movabdeg 4

6. Na Bpebei 1o 6pio:




ANANTHZEIZ

OEMA 10

A1 Ocewpia, oeAida 98 oxoA. BiBAiou.

A.2 Ocewpia - OpiIopdg, oeAida 141 axoA. BiBAiou.

A.3  Ocewpia - Opiopdg, oelida 280 axoA. BiBAiou.

B. a —> A B. > A Y- > A 6. >2% £ 2

OEMA 20

2+i_prai_Jaro®
_|a+2i|_|a+2i| - Jol+4 o

ii. Eivar: (z,)"=(@)’) =()")"'=(1)"=(-z,) .
OEMA 30

a. H f eival TTapaywyiciun 010 R WG TTOAUWVUUIKE, ME
f/(x) = 3x* = 3=3(x— 1)(x + 1).
Omoéref'(x) =0 x=1n1n x=-1.

X|-0 -1 1

ATTO TOV TTivaka JETABOAWY TNG f TTpokUTTTEl OTI N f £X€1 TOTTIKO PEYIOTO OTO
X1 = -1, 10 f(-1) = 20Uv?0 > 0 KaI éxel TOTTIKO EAGXIOTO OTO
X2 =1, 10 f(1) = -2(1 + nu6).



Emiong eivar: f'(x) = 6x.

Omoéref'(x) =0=6x=0<x=0.

3
S
8

f((—o0, —1]) = (~o0, 20uv?6]

Etreidn 0 € f((—o0, — 1]), uttd
Kal povadikr) 010 (-, —1], a
auTo.

| P1 e (-0, — 1) woTe f(p1) = 0. H piCa py eival
noiw¢ augouoa oTo dIACTNHA

ii. Eeidn f(—1) = 2ou 0, f(1) = =2(1 + nu?e) < 0 kai f yvnoiwg eBivouca

Emeidn 0 € f([—l, 1]), uTTdpxel p2 € (-1, 0. H pica p» gival kai
o710 JIACTNUA AUTO.

Emeidn 0 € f([1, +oo)), uUTTApXEl p3 € (1, +o0) woTe f(p3)
autA Jovadikr oTo [1, +w0), agpou n f ival yvnoiwg augo

Apa n egicwon f(x) = 0 éxel akpIBwg 3 pilec oTO R.

Y- Exoupe
A(-1,200°8)), B(1, -2(1 + nu’8)), (0, -2nu’6)

A € (¢) agou:
200v?0 = 2(-1) - 2Nu8 = 2(1 - Nu?0) =2 - 2’6 =
&2 -2nu*e =2 - 2nue.

B € (¢) agou:
2(1+nu?8)=(-2)-1-2nu*0 4 -2 — 2nu?6 = -2 — 2nu°e.



I € (¢) apou:

2Nu’6=2-0-2nu’6 i -2nu%6 = —2nu?e.

6. Bpiokoupe Ta koiva onueia Twv Cy, €:
fx)=yoxX’-3x-2nu8=-2x-2np8 o x’-x=0=x(x*-1) =0
Xx=1)(x+1)=0=x=0Ax=1Ax=-1.

Etmropévwg 1o {nTouuevo euBadodv E Tou xwpiou eivai:

a. Agou f, g cuvexeic ato

F'(x) = f(x)g(x).
Opwg g(x) >0 oTo

1] n F eival Trapaywyioiun oto [0, 1] ye

0 UTT6Bean, evw agou f yvnoiwg avfouca
oto [0, 1] €xoupe: = f(x) > f(0) > 0, dpa f(x) > 0 a1o [0, 1].
Zuvettwg f(x) - g(x)*™> 0 oTo [0, 1] kan eTTopévwg F'(x) > 0 oTo [0, 1].
Omoére F yvnoiwg av€ouca oo [0, 1].

‘Etoryia x € (0, 1] eivar x>0 = F(x) > F(0)

t)g(t)dt = F(x) > 0.

B. Eivar O<t<x pe x e (0, 1].
Agou fyvnoiwg augouoa oto [0, 1] €xoupe t
otmréte f(x) —f(t) >0 yia kdbe x < (0, 1].
Akoéun g(t) > 0 oTo (0, 1].
apa kai g(t) - [f(x) =f(t)] =0 yiakdbe x €10, 1] kai yia

H 1c61nTa 1IoxUel pévo otav t = x
Akounn g(t) - [f(x) — f(t)] ouvexng oTo [0, x] pe x
Apa [ gOf)-A]dt>0 pe x € (0, 1]
Etmropévwc yia kaBe x € (0, 1] EXxoupe:

IOX g(Hf(x)dt— IOX f(t)g(t)dt>0

o f(x)jox g(t)dt> jox f(t)g(t) dt
< f(x)G(x)>F(x).

y. Eivaiyia kaBe x € (0, 1] kai yia k@be t € [0, x]: g(t) > 0.
Emiong g ouvexric oto [0, x] dpa n G(x)=j'0X g(t)dt eival TTapaywyioiun Kai
BeTikr yia kKdBe x € (0, 1].



1(x)

‘Eto1 pytropoupe va Bewpricoupe Tn cuvdptnon H(x) :m TTOU OpileTal
X

Kal TTapaywyietal ato (0, 1] pe

_FEGE)FE)G(X) _ fx)gx)Gx)-Fx)gx) _
G’ (x) G’ (x)
_ g (fGx) - F(x))
G’ (x)
f(x)G(x) = F(x)>0).

H'(x)

>0 o010 (0, 1]. (AI6TI a1T6 TO EPWTNMA B Eivail

on H givai yvnoiwg augouoa oto (0, 1] Kal ETTOPEVWG YIa

<1 = H(x) <H(1) dnAadn F) F0)

) ) G(x) GO

[ e dt jx (t?)dt
, fhg®dt | mu

X 5
| et X
e Agouol F, G mrapaywyioipeg ato [0, 1] eival kal CuvexEig o€ auTtd

yla Kd@Be x € (0, 1].

lim F(x)=F(0)=0
x—0*
lim G(x) = G(0) =0
x—0*

ZUVETTWC:

e H () = nu(t?) eival ouvexrc oTo R Kkai n X €iv

| dpa gival

2
R dpan on nut’dt eival Tapaywyiociun oto R

o710 R.

. . x2 0
Apa lim UO nu(tz)dtj = |, ue)dt =0
Akéun lim x> =0

x—0"

ZUVETTWC



2 X2
)t o (I nu(t )dtJ 4 4
im ‘[0 : 2 lim . = lim nu(x 1 X _ lim ml(f ) Ex =
x—0" X LH x—0* (XS ) x—0" 5x x—0" X 5
2
=1-=-0=0 (2
S0=0 (2
F(Hg(t)dt " qutdt | o
Etropévwg: lirgK(x): lim IO— lim‘[’—s — (0)-0=0

x—0" IOX g (t) dt x—0" X o)






